- b s10: 21
619

oo

PROJECTIVE
GEOMETRY

ANGELO ANDES ROVIDA

EDITED BY NORMAN DAVIDSON




© Angelo Andes Rovida 1980

Originally published by
E. C. Byford
Michael Hall School
1980

This edition published by
Steiner Schools Fellowship Publications
2001

ISBN 1900169 12 6

Steiner Waldorf Schools Fellowship
Kidbrooke Park, Forest Row, East Sussex RH18 5JA
Telephone (01342) 822115 ¢ Facsimile (01342) 826004
E-mail: mail@waldorf.compulink.co.uk

e e 2 et ATemtiar 7Q0INA Comnanyv Number 519230




e
<o

"DUCTTION to
PROJECTTIVE G E O N

&)

TR Y

kxi-n - N O t e 8 f or s tudents

se 15 made here of formalization or of algebra.

 § all the more important that the reader should

ute the drawings himself. Processes, movements and
’%fgﬁsformations have to be done in one's imagination.
The best way to help this to happen is to draw with one's

Jown hand in order to gain an alive insight into the laws

" and harmonies of geometrical space.
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PROJECTIVE GEOMETRY

The synthetic as opposed to analytic approach to
projective geometry is independent of all calculation
and measurement. The aim is to develop a qualitative
approach that brings into play all the faculties of

man.

" What can be grasped by thought has its effect in
reality. What lives in the world comes to realisation
in thought. "

(Quotation by E.Locher~ Ernst from his " Space and

Counterspace", a mathematical textbook on Projective

Geometry.)

Science_investigates-tbe'ideas behind or within the
created_world. If the fine arts were to concern them-
se}ve§»with expressing ideas, little difference would’
exist between ART and SCIENCE. Further,we must also §
emphasize the difference between Mathemetics and
Science and especidlly the difference between GEOMETRY
and NATURAL SCIENCES. | |

Since the elements of geometry are concepts ("ideas")
not derived from sense perceptions, they can_never be
empificélly invaétigated. Concepts in geometry are
created in manfs_THOUGHT and IMAGINATiON. |

" Projective Geometry: a boundless domain of countless
fields where reals and imaginaries, finites and in-
finites, enter on equal terms, where the spirit
delights in the artistic balance and symmetric inter-
play of a kind of conceptual and logical counterpoint
- an enchanted realm where thought is double and
flows throughout in parallel streams." ( Cc.J.Keyser)

" In the house of mathematics there are many mansions
and of these the most elegant is projective geometry.
The beauty of its concepts, the logical perfection of
its structure and its fundamental role 'in geometry

recommend the subject to every student of mathematics."
( Morris Kline 1955 )
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%s elements are PLANES, POINTS and STRAIGHT LINES.

xProjectiVe Geometry introduces the elements at infinity.

Two parallgl lines meet at infinity in a point. Geometry
takes this as a concept and finds no contradictions in
spite of the fact that tactile experience can only
remaim in the finite. '

A iine has one and only one point at infinity.

A plane has one and only oné straight line at infindity,.
There is one and only one plane at infinity.

Points, lines and planes are characterised by their
intersections and connections, without employing rigid
definitions.

POLARITY is the main law underlying all projective
geometry. CONNECTING -~ INTERSECTING are the two poiar
opposite activities.

A plane is either a field of points or a field of dines.
The point is éhe polar opposite to;the line in the

geometry of the plane. The pointwise éspect is familiar

to us all. The linewise aspect is less familiar and

needs working at to be furtherlunderstood,

Two pefspective triang&éév
'(pqints are_considered),,.

Ceréﬁponding points are
in pairs on three
.. concurrent lines -~

‘a centre.

Two perspective trilaterals
(sides are considered).

Corresponding sides inter-
sect in pairs in three
cellinear povints -

i.e., three points om

an axis.

Theorem by Desargues . ( 1593-1662 )

If two triangles are ﬁerspective with respect to a point,

‘they are also perspective with repect to a line and

vice versa. (The proof follows later under "Five Planesﬁ)u

)
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i.e. three lines through  '



Between a “"pencil"of lines
INFINITY passing through a point and
’ a "range"of points lying on
a line is a one-to-one corre-
spondence. To each ray (1ine)
corresponds one and only one
point. To the ray parallel to
the range corresponds the
point at infinity of the range.

In the field of 1lines every

- - line has a point at infinity.
. The sum of these points must

make up a straight line-

the line at infinity- for a
\ea,
Eig/;‘é:‘form which contains one point

- et SO B eEn es > = O w ms e = e e w WS A
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/;://// from each line, can only be
//j::::////’ a straight line.
" Tnere is only one plane

at infinity -

Two planes intersect in a straight line. A plane intersects
‘ all other planes in space in straight lines. Every plane
\ has one and only one straight line at. infinity. The sum of these
lines at infinity must theyefore be a plane - the plane

at infinity . R .
\ [~ ) AN "'
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e circumference of a - An expanding circle
circle with infinitely- with fixed centre /”/
distant centre, coincides - becomes the straight line

with a straight line. at infinity.

e .
A1l the points on & 1ine ‘are in continuous sequence.
At the overstepping of jnfinity a change takes place.
‘This 1s seen only in relation to the .environment of the
line. Diagrammatically expressed above (1eft): as the
point of the vertical arrow must remain on the same line,
the arrow switches to the other side of the 1ine after it
nas passed over infinity. The other example (right) shows
a curve passing over infinity twice and returning on the

opposite sides of the two lines.
(oo = symbol for infinity)
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. .w=lLines are straight and Points have no extension
infinitely extended.

and
are infinitely small.

In the G E OMET R Y of the P L AN

2 lines 2 points
determine determine
1 point 1 line

3 lines 3 points
determine determine
4 points

| 3 lines

4 lines

4 points
determine

determine
6 points 6 lines
préevious 3 _ “(previous 3
+ 3) + 3)
5'lines 5 points
determine determine
10 points. 10 lines

‘\'previous 6

+ h)

(previous 6

+ b)
Notice the POLARITY in the plane between
LINES and POINTS

L pqints'
give rise to
'3 extra points

. 4 lines
give rise to

3 extra lines
_ : (diagonal
5 \3$ points) -

( diagonal
lines)

15 extrsa linesl
\o



Basic CONFIGURATIONS between

POINT, LINE and PLANE .
Pencil of lines: Range of points: Pencil of planes:
(in a plane)all all the points all the planes
the lines through on threough one line
one point one line
‘__6/0’0’0/ <
—0 )
\ Field of points: Fieild of lines:
// all the points all the 1lines
in a plane in a plane
o9 Yoo . -
.o‘. —"*_’
Bundle of lines: Bundle of planes:
(in space)all the lines all the planes .
through one through one

point

point .
In space the .
polar opposite
of a line is . =
another line.

POLARITY 'in SPACE between POINTandPIANE

planes through a point ///
points in a plane
' ‘ -0 O O s
line _

lines through a point
lines in a plane
planes through a line
points on a line
lines through a point
in a plane =--

lines in a plane

® 3 Ao 0 N

through a point.
(self—polar)

*  Consider the above configurations
' with point, line or plane
at imfindty.

[oo o

Space can be considered as 2 Space of points
a Space of planes
or a Space of lines.

—— m—




| v .ePhOLARITY 4in the PLANE POINT —— LIXE
Lines separate a field of Points separate a field of
points into SECTIONS lines into REGIONS
— )
One line creates One point creates

no separation no separation

3 lines -- 4 three-sided {3 points -- 4 three-pointad
sections " regions

4 linres -- 7 sections o poiﬁts -= 7 regions :
(4 three~-sided - (4 three-pointed
3vfour-‘sided) "3 four- pointed)

5 lines == 11 SQétioné B '5 points -~ 11 regions -
" ( one five-sided) ( one five-pointed)

Regions overlap each other —  to represent them
with overlapping colours gives further clarity,
Regions and sections are complementary.

In the field of points In the field of lines the

the smallest circle is smallest circle is the line
the point, the largest is at infinity; the largest circle
the area bounded by the includes all the lines in the




In the -geometry of space, point and plane are polar opposite.

-

Two points Two planes
’/,,D . determine — determine
_— a lime. — a line.
Three points Three planes
,,:Eb ~—  determine determine
three lines three lines
and one¢e plane,. and one point.

Four planes

determine
s8lx lines six lines .
and and

four planes. four points.

\\léniF;;}ffi‘ Four poiﬁts
”’q<?ik:\\ determine

Four points or four planes both produce
the tetrahedron , which is self-polar.

COMPLETE ' TETRAHEDRON |

three
timea

The complete tetrahedron aeﬁarates ‘ gspace
T into eight tetrahedra.

In the PLANE : :

, polar:
points 1 2 3 b 5\\_6\ 7 lines
lines . 1S3> 3015—21  points

_ extra - - - 3 15 extra
points lines
In SPACE:
; polar:
points 1 2 3 L 5 6 Vi 8 9. 10 planes
\ ~.
lines - 1 3-—~625102215:?2L:T28——36:>h5 lines
plones -~ - 1 4 ~30=20 135 56 8u4 120 points i

R, £ A T . MO
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- C"pI VB PLANES The configuration of five
. planes establishes
Two perspective triangles Desargues' theorem
at the same time determine ( see page 3 ).

ti t t 1s.
two perspective trilaterals 2 planes intersect

A triangle in a line. 3 planes
is three points. produce 3 lines abc
A trilateral and one point S

is three lines. called a three—-flat.
L4 planes produce a
tetrahedron with 6
lines and 4 points.

The 4th and the 5th

planes intersect on

the axis.
—— Lines def are in the lth
plane,d'e'f' in the 5th.
XYZ are intersections
of dd* ee’ ff' and are
each in the 4th and S5th
planes. :
Hence they must
lie on the axis.
Every point can be
considered as a
centre S and every
y .. lime as an axis,

K to a particular pair of perspective triangles.

This drawing is a projection from an eye point ento the -
plane of the paper. The theorem of Desargues is therefore-
also proved for the plane: If two triangles are perspective
with regard to a point (centre),rthey'are also perspective
with regard to a/l e (axis).In the plane the theorem

\

———

is self~polar.

o |  FIVE POINTS
'Tiﬁ,abéce:prbduce'the'polar‘
‘configuration to the five

Two three-flats from D
and E are perspective
with regard to the plane
"ABC. cCorresponding edges:
AD -AE , BD -BE, CD -CE,
connect in planes
through the axis DE.
5 points produce
10 lines and 10 planes.
5 planes produce
10 lines and 10 points.

The theorem of Desargues
can be considered to be

the basic law underlying
all projective geometry.




From perspective triangles

with a common axis to the CONTIC CURVE
AN
. Pencils of lines(in ABC) on a line.
' Ranges of points (on abc) through a centre.
T~ \ e
\ /
~\ ‘
/‘/

1=

'With point C no longer omn the lime AB,
sides of the triangles intersect

on a conic curve. Ly . “@

Range ¢
is transformed

into a comic curve.

Corresponding lines
of the pencils A and
intersect on the

curve C.

especially with centre and/or
axis at infinity.

Also draw the polar opposite configuration (curve from
tangents).

pravw in various ways -
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Five points determine a HE X AHEDRON

v ABCD (tetrahedron)+ E Formula
ABC: middle plane for a

‘ simple
M centre hHexahedron.

A‘ (though each point =
A ‘three lines,et¢. )
= ' =

Complete

hexahedron

~f ) Regular
! hexahedron

(cube).
Middle plane
at infinity.

‘wFive planes determine an O CT A H ED R 0 N

Planes_ ab(—) be (B), ca(‘) ' Planss D E intersect in f
Plane A (i.e. through lines - (Resargues' configuration)
ab) and planes'ﬁ(bc) and T = and are opposite faces of
¥ . {ca) are diagonal through the -the . . / octahedron.
T ',‘_'-centre of the AW 3 /

Simple

‘octahedron.
R .octahedron'

" Complete
octahedron

Regular octahedron:
L lirres ‘and 6 points at

-~
middle plane ) R ~
are 4 lines e NG /
and 6 points. T N\ N ——




¥HARMONTIOUS

F OUR

\2Z

CONFIGURATION

Four points on a line.

In quadrangle 1234,
opposgsite sides
intersect in

Q and P respectively. \\
|

The diagonals pass
through N
(vanishing point)
and M (harmonious
middle with respec
to point N).

The two pairs QP-MN
separate each -
other

harmoniously’.

.’/

X

can also be used{//'
(See footno ’
page 1) L

| The word harmonioc” .-~

Construction with
arnry quadramngle.

,/’/f{:p Triangles 123 are

.perspective with

respect to an axis (z),
therefore also with respect
to a centre (C). The same

applies to triangles 134.

Therefore the triangles 234 are perspective with
respect tothecentre and consequently with respect
to the axis. Hence the diagonals 24 always go
through the same point M.

Draw various ‘quadrangles from the same points PQN.

An axis {yz) as described, with four harmonious points, is
shown in each figure below. There are three variations for
forming a quadrangle in tlre findte.

AN

The polar opposite

X, Y,

Z are an

"extra" triangle,

construction produces
harmonious four rays.
The drawing is self-polar.

U,



the EXTRA.TRIANGLE _ the EXTRA. TRILATERAL |
of the quadrangle: ‘ of the quadrilateral
the intersection QR ‘ the connections pqgr

of the not yet intersected of the not yet, connected

6 sides. 6 points,

= N w\&

—
On each side of Through each corngr of the
the extra triangle-are extra trilateral are
four harmonious points. four harmonious rays.

HARMONIOUS FOUR RAYS (1ines)

Harmonious four rays

through a point are polar to
harmonious four points on a line,.

Opposite points of the

quadrilateral are on q and p.

The extra points are on
—n—(vanishing line) and on

m ( harmX¥middle line .

with resp.%to n).
qQp ~-mn separate each
other harmoniously.

HARMONIOUS SIX (comprising .

—three seéts oi harmonious four ;o ‘ LINES:

__ elements) POINTS: AB-CCh  BC-AA I Y3
..CA-BB Pairs separate each
%other harmoniously. _

Sequence of construction:

one line each from ABC -
connect from ABC to the triané}\\ \ r
connect corresponding
/ P\ ' points of the two triangles \\Pouar conbtruction

/ ( note the Desargues centre ). N ,
>K: harm. = harmonious > resp. = respect



FUNDAMENTAL HARMONIOUS CONFIGURA?EON in the plane.

This shows that
opposite sides of the
quadrangle ABCD
intersect in N and M.

Look at corresponding
Desargues triangles
with centres 1 2 3 L,

A complete
quadrilateral abed -
with an
inscribed
complete
quadrangle ABCD

Centre l:A PQR and 243 have axis NAB

2 PQR 134 MAD
3 PQR k21 NCD
= ‘ 4 PQR 321 MCB

Triangle PQR is the extra triangle ﬁo abecd
and the extra trilateral to ABCD..

Triangle MNR is the extra triangle to ABCD
= and the extra trilateral to abcd.

The configuration is self-polar (harmonioua_fpur rays).
PQ ~ MN (the two pairs separating each other)can b

reversed. o

The harmoniocus relation is maintained by perspective- i.e.

connections from any point to PQMN, or intersections of

any line with four harmonious rays. ( R is chosen anywhere.)
¥ ' Circumscribing with:

: F?A quadrilaterals and inscribing
,{ ‘with quadrangles produces

. the M8bius net.

(August Perdijiand M8biu

‘ ) / © 1790~

8

1868 )

;




Fundamental harmonious
configuration extended
to the Mdbius net
starting from

six or four

harmonious poinmts,.

Various

executions ,
also extending
over infinity-
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FUNDAMENTAL STRUCTURE of SPACE

N I

A Hexahedron is An Octahedron is o
determined by 5 points. determined by 5 planes,
) K ———
= ﬁl \ ." |
-

¢

Both solids posSess the same configuration-

Hexahedron 8+4 points Octahedron 6+6 points
12+4 lines ' 12+4 1lines
6+6 planes 8+4 planes

Both are self-polar:on gach line 3 points,

in each plane 4 lines, through each point 4 lines.
Every point of the hexahedron may be - )
considered as the middle point(M).

oM ...
12 simple REGULAR
hexahedra = CUBE "

One regular ~
cube and

threoe over
infinity.

° )

Evory plane of the OCTAHEDRON may be
considered as; the °MIDDLE PLANE.,

12 simple '/ ./REGULAR
qftahedra- QCTWHEDRON

e

-octahedron
and three/ [/
over infynity nid-plane

A (or middle plane)

o)

o
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FUNDAMENTAL HARMONTIOUS CONFIGURATION of SPACE

Hexahedron with inscribed Octahedron.
In the middle plane is the

fundamental harmonious configuration
’ of the plane.

"5Hexahedron : A : e Octahedron
Edges through : _ - o -/ _Edges through ‘
, ' ' L A'BCDMN

P QR -
Faces through _ Faces through
PQ QR RP : ' AB BC CD DA
Face diagonals through\
AC BD MN :

Diagonal planes through
12 23 34 b1 24 13




PERSPECTTIVE

Two perspective pencils Two perspective ranges
in points A and B on lines a and b

are the connections are the intersections
with a rangé. with a pencil.

They are determined by two corresponding
pairs of elements and have omne element
in common ( x, X ).

#~:x,
= ~
/
~ X
PROJECTIVITY 18 a chain of perspectives.

Two projective ranges of'pencils are determined by three
pairs of corresponding
points or lines.

i

fhree'pairs of corfeaponding élements are given: .
find the intermediate pencil (S) or range (s) by means of:
! : : e P , s

any 2 lines through the
intersection of tvo
corresponding lines.

A’ projectivity in
itself comprises ¢

two ranges on the

same base line
or :

two pencils
through the
same base point.

(K= symbol for projective) \ AL




\-?JJ

_Theorem of PAPPOS (circa 300 AD) Polar opposite

~If a hexagon has its points If a hexagram has its lines
on two strafght lines(three | through two p01nts(three
points on each line)then the 'lxnee through each point)then
intersections of opposite ' the connections of opposite
sides are collinear. points are concurrent.

( This is a special case of Pascal's theorem -page 22 )

Consider the s8ix points as Consider the six lines as
3 pairs of projective points. 3 pairs of projective lines:.
Pencils from A A' are Ranges a a' are perspective
perspective as they have a as they have a point in
lihe in common. The same common. The same goes for
goes for B B' and C C*". bb* and cc'.

3 Cross limes intersect on the Cross points connect through

axis ( see Fundamental the centre.
theorem page 26). ////

¥ (Kreuzlimie)

There are six different ways to connect the 6 points

or to intersect the 6 lines ( in the finite ).

To give numbers to the points / lines : '
12- 45 23 56 34-61 © cross or connect.

3




THE CONIC CURVE

Pointwise construction Linewise construction
{tangents produce envelope)

Corresponding lines of Corresponding points of

two projective pencils two projective ranges

intersect on a conic. connect om a conic.

Five points or five lines determine a conic curve.
( Five elements are needed for the shortest chain
of perspectives

The five special points: The five special tangents:

\/
A~

The conic is in the ' The conic is in the
five-pointed region. . o vfive-sided section.

Tangents 1im A and B Points of contact on a
are found when X meets and b are similarly found
A or B, and the chords when tangent x coincides

XA ,XB become tangents. with a or b.

/
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HYPERBOLA A conic curve with
— - two points at infinity.
The tangents in these points
are called a s ymp t o tes

s at infinity
Aonb , Bon a
( a and b are asymptotes )

-~/ PARABOLA : A conic curve with
- . - one tangent at infinity.

‘The tonching point of this
tangent is at infinity.

e
A and tangent in A ;// b at
at infinity R \ P infinity
(/’abbreviation for parallel) \
G

e /



2.2

PASCAL LINE ( Blaise Pascal 1623- 1662)

Six points on & conic curve ( curve of second order )
The opposite sides of this hexagon intersect on a line,
tte Pascal 1line. The intersections are collinear.

‘The projective construction of the pointuwise conic
contains the proof for this theorem.

Points of intersection :
S 12-45 Given: 5 points. Find a
T 34-61 \\ Gth point on line through 1.

12-45

J4~61
23256 SN
There are 60 different 1-2=5% possibilities; ~Q Zed -4
ways to connect 6 points - 2-3=4; 3-4=3: :
with simple hexagons, i.e. multiplied = 60. One possibility
60 Pascal lines. i ' remains ,*, 60 x 1 = 60 total.
- . ‘-- ""“?:. %"_?{3 u»-?:__s%
__Byperbola:  ,,int 1 and 5 N \1 /'/
: at infinity. 1o\\l;1 3!?~f}1 “’\,r‘z

Construct the tangent-
ome of the points (point of
contact) counts twice.

Given: 4 points with
one tangent Xt

‘ \

Given: 3 poiﬁ?b\yith \

(. int ——————2 tangents X)
find other points. find other pOiﬂtSo‘N

LY

\
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BRIANCHON POINT (Brianchon 1785-1864)
Six tangents on a conic curve,.
The opposite points of this hexagram connect with
lines through the Brianchon point.
The projective construction of the linewise conic shows
the proof of this theorem, which is the polar opposite
of Pascal's hexagon.
a 12245 Given: five tangents.
t 3kL-16 Find a 6th tangent through
r 23-56 . any point om 1.

The six lines can be connected in 60 different ways.
giving 60 Brianchon points. :

Construction

- of touching

" points on

5 tangents(one
tangent counts

twice) .-

Parabola :
the line at infinity
is a tangent.

Given: 4 tangents with civen : 3 tangents with
one touching point. two touching points.
Find wmore tangents(e.g. xixé) Fi more tangents

: ‘ (e.g. xlx2)




Hexagon on a conic Hexagram On a conic
trans formed into 8 ransiorme " into a
QUADRANGLE QUADRILATERAL

CF /- ¢f remain fixed.
AB DE / ab de move uantil they are
double points, double tangents.

Opposite tangents intersect Opposite points connect

on the Pascal line, through the Brianchon- point,
the line of intersecting the point of connecting
points of opp. sides. lines of opp. points.

The hexagram
transformed into a
trilateral--~

The hexagon
transformed into a
triangle--

A quadrangle together ’//,‘A triangle together with«)/
with o quadrflateral 2 a trilateral on the coni

on the conid _— becomes a Desargues
- configuration.

— . ,

-

N

T

N

1.
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PHENOMENA of ORDER
Basic configurations of the first degree :
Pencil of lines Range ‘of points Pencil of planes

\ e
\. ) ‘ o = —
Sl 0— 0— 0 — 00— 0 ﬂ?xﬂ._~—--
- \\ - ‘ v P

There follow some Belf-evident facts. To grasp them conceptuallyvy
is both necessary and fruitful.

\ I
\b\\o The sense of \bA< Only one sense
A direction is N ¢ of direction
Z b

(O
6\\\ not determined. Q\ is possible.
o=

\ (=% s C \
I.With three given elements,

Q another element will always be
separated from any one of the three

/ ~ Q\\ by the other two.

. Four elements always have
—0’”0”” two pairs separating each other.

IX. A number of elements is by nature
B ordered into a particular
sequence or cycle.

IxIT’s By iﬁtersecting or comnecting,the order
is maintained.

"Between" is complemented by "separating'
in projective geometry. '

IV. Coﬁtinnity:iftwo lines move along an
~angle field of a pencil at the same time-

Y. "

in the same direction:

. th
(starting and in the same

in the opposite

: directiomn :
direction : , finishing together)
they meet in they are separated they meet at least
one line (x). betweerx a and b. once in one line(x).
v A,B and a,b separate each other

" Any third point X is then ,
separated from either A or B~

////by the two lines.
AN

Special case (right): N
b at infinity. The line a __ __—
intersects the inner

segment of AB and only omne othgr
inner segment of the sides

of the triangle ABX .
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Between two pairs of elements, which are not separating
each other, there will always be at least one third pair
which separates both other pairs harmoniously.

A ;&#;; & Yiis any harwmonious {o:r;hbpzint
) AL with qespect to & poin etween
-4 ¢ A and B. Y, is any harmomious fourth
- S;ﬁ >y~ Point with respect to a point X
between € and D.

According to item IV example 3 (page 25) Y and ¥, will meet
in a point (say Q). This point with its corresponding point
{say P) will separate the pairs AB.and CD harmoniously.
Thus: . .
Approximate //' Harmonious fours :

censtruction. // AA'-DC , BB'-DC, A'AY-AB, B'B"-AB

and so on.

{ The exact
construction
follows on page 35;
J.Steiner's double point.)

FUNDAMENTAL THEOREM of
—— Projective Geometry _ s

“ Three pairs of corresponding elements determine ' jy/

one and. only one projectivity between two y
basic configurations of the first degree.//{///’ >

ABCRA'B'C! , | , o
PROOF : Two chains of ';;;jéZi;;:::f/ggi;2$ﬁ7%(
constructton are consider ' / ,-"4\

- ~51— T “ / e

from §,T, and S,T, chosen

anywhere on A-A"","Omne chain - - -z -ty
tramslates from X to X SR N 4 ,
and the other from X to6 X,. Xt/

S.,T., produce’ a cond

Now assume that the movements . y
of X, and X, do not coincide ax?s for 9 second chain.
from H' to N'. However: s CZ/L

YA - MN separate each sther harmoniously; ———~fmr*—

Y'A!' - M'N' are then also harmonious. ﬂ_ t \_

The assumption that the two chains C i

separate from M*' to N! N”l‘ i ;L'

is contradicted, for harmonious 5 ﬂ——— l‘jiz

fours are maintained by projection. P\‘“X ‘ ‘ ]

Xl and x2 remain together in their | ES 9 - -
movements. D o—

With this the one-~to-one

corresponderice is established. AC

The following drawing on the next A\<3 T Diagrammatic
page should be studied to make this ‘representation
proof understandable,




Fundamental Theorem

Two projective S .
ranges: s of Projective Geometry
ABC 7T A'B'C’ NN >/

NN
Construction with §}\\\\ &
two chailns . NN T g;,,f””
5T, - S,T =2 X RYALRS
VR 22 \ @ .
Y harm. separated al /

- AR /0
from A by P P - i
Vi AN i
Y' harm. separated NS\
from A' by P'P} : N\ \

The ratio of the \ ’\»
i X

two speeds of the
movements of the .
corresponding ranges il
is independent of the o

chain of construction, 0t . . -
Rt

Two projective
‘pencils : |

_ ~abe® a'bc!
and so on, :
polar. to the above.

A reversible correspondence
‘between elements of
. first degree configurations,
“ which refers every harmonious
four to another harmonious four,
is determined with three pairs
of corresponding elements
and is realised with any chain
of construction.

Christian von Staudt ( 1798-1867 )
has explained projectivity
in this manner.
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PHENOMENA of ORDER (continued)
Characteristics of the three basic configurations of

the first degree : Range of points, pencil of lines

and pencil of planes.

All three form sets which are o T dered,cyclic
and d en s e {"dicht").

DENSITY Between any two elements of an ordered set

jsa at least one further element of the set.

These basic configurations are not only dense but also
CONTTI N UO U s ("gtetj'_g")

This means that division of a section into
two ordered groups 1is achieved by an
element of that section.

A continuous set 1is without a gap.
A finite set can only be divided
by way of its gaps.

COUNTABLE Set: The elements can be numbered;
e.g.'cpnstructtng’from three points on a
lipne an endless numbér of further points.
Tnis produces a countable yet imnfinite set
of points.

An ordered set of elements which is corntinuous

can not be coun table ("abzdhlbar").

There is the COUNTABL E INFINITY

and the NON-COUNTABLE INFINITY
(" das #berabzdhlbar Unendliche")

Not all positions of a sequence of points can

be brought to awareness in our ordinary
consciousness. On a straight line (as a continuous
sequence) there does not exist a neighbour

point to a point. -

A SKELETORN for example,of a pencil of limes.
o ~F - From two given lines(a and b)
N ("Gerﬁst") - divide the interval continmuously

™~ ‘ in two. Let G be this countable
' : infinite set of dividing lines,
with x,y as any interval and
not necessarily belonging to G.
*This interval certainly always

contains elements of G.
G is «called a skeleton,

Vith respect to three fixed p&ints or a line ( one point
at infinity) a continuous harmonious division is possible.

. L - >
A ! ) - A S
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CLUSTER POINT or LIMIT POINT ("HAUFUNGSPUNKT")

If in a sequence of points two points A and B exist, so
placed that P, lies,with regard to A,inside P B;

P,,with regar§ to A,inside P_B;... P_,with regard to A,
inside P B, the sequence o? pointsnis said to be
monotano&g. A monotonous sequence of points determines

one ¢ 1 us tar point,

A T T 7
ot teb ——0
POWER : ("Mélchtigkeit")

Two sets have the same power if they are in a definite
one-to-one correspondence, which is also reversible.

A definite set contains sub-sets
which are of the same power
as the complete set.

This is impossible with
a finite set of elements.

Segments

a b ¢ are persgpective,
Have a one-to-one
correspondence and
therefore are of

AR tﬂgﬁéame power.

Ao "t 4 A _EU.  35;”33-.;.f .,C.

'RATION‘A'L_DIVISION' '0127:123123&,;..

’A net with respect to three points ' B and C (above 1eft)
Eve r y g in t er val contains points of the net.:

 This net which is determined by three élements -
-of "a basic configuration is a skeleton :
of the basic configuration. .

A <. .
Q - B 0 B L - - . G_— - ’e

U and V shall determine any imterval but not be separated
' by any two of the three given points A B C . '
AUYVBC are im matural order.

Between U and V with regard to C are points of the net.
If U and V are points of the net,the mirror of C with ’
regard to U and V produces a point of the net( harmonious
Lth point). If U and V are not points of the net,then from U
to A one meets either a point X of the net or a cluster
point S of the net.:Correspondingly from V to B one meets
the points Y or T. We cam choose points of the net within
any proximity to X,Y,S or T and the harmonious 4th point
with regard to C produces a net -point between U and V.
Thus indeed every interval comtains points of the net.



—— QUADRANGLE
on the conic curve.
3 points with tangents
are fixed.

Consider the movement
of the Pascal line.

~& Projective
A pencils pass through
B and C.

~ _QUADRILATERAL

on the conic curve.

3 tangents and their- touching
points are fixed.

Consider the movement
chon point.

ac

PROJECTIVITY IN ITSELF

On a range or orm a pemcil of the second

degree: a projectivity is determined by
three pairs of corresponding elements.

!

ﬁ}ojective pencils from
2 points of the conic (rQ).

2§oss iines produce double points r S AN
e axis. double tangents =z z'

N

|t
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MACLAURTIN CONFIGURATION

A quadrangle on a comic.

(Maclaurin 1698-1746)

Tangents in the four
points KLNM intersect on
the sides of the

extra trtangle. PQR

( Pascal lines ).

Connections of the touching points
K L NM go through the points

of the extra trilateral (pqr) of
the tangents

( Brianchon points ).

The extra trilateral of the tangenta(pqr) coincides with the
- extra triangle of the touching points(PQR) - but RST and
RUV do not coincide as in thebasic harmonious configuration.

PP - KL are harmonious four points (1ook at RMQN).. There are
also harmonious four lines in the intersection of kl.

Any other line through P therefore produces the same

line p (e.g. by means of altermative points. M, X).

To every point P corresponds, therefore a definite line p.
with respect to the conic curve. They are called the

POLE and the POLAR _LINE.,

- If the Macléurin configﬁration becomes the Fundamental

Harmonious Configuration the four pointa'and7the four

. tangents are harmonious points/tangents with respect

to the conic.

Construction of pole and polar line  —

. from Pole to Polar: - N - from Polar to Pole:

2 lines through
the pole produce
a quadrangle on
the conic.

‘///// 2 points on
the polar produce ,////
. a quadrilateral on _

the conic.




P OLE and POLAR

D2

on the conic curve

The extra triangle of the
or the extra trilateral of the
on the conic constitute a

POLAR TRIANGLE

The sides are the polars
of the opposite corners.

The polar triangle

The P OL AR CORTAINS

1. Two extra points of
svery quadrangle for which
the pole is an extra. point.

2. Points (A).harm.separated
by the curve from the pole.

2
\6%&

3. Intersections

of tangents whose

touchihg polints
connect through the pole.

L. Touching points
of tangents
through the
pole.

Tho FUNDAMENTAL THEOREM of the

quadrangle

on the conic
quadrilateral ( four. tangents)

OF THE CONIC

The corners are the poles
of the opposite sides.

is self-polar.
The P O LE CONTAINS
1. Two extra sides .of

avery quadrilateral for which
the polar is an extra .side.
2, Lines {a) harm. separated
by th curve trom the polar.

3. Connectionsi'\\
of touching points
whose tangents

intersect on the polar.
4, Tangents to ' \
points on the curve
on the polare. '

- - v . g .4 v. \

THEORY of POLE and POLAR

of a range 8° through the

“ All the polars to points
pole of thioc range.

|

'Aii,the-poles to lines
of a pencil are on the
polar of this pencil.

P XK L are fixed points.,

Pencils in X and L are
proJective.

~ 8

Pencil in P (with respect to R)
and range on pfpoints Q) are
also said: to be projective

to each other.

e e i
= < g

1N

(Y



. MOVEMENT of the POLAR TRIANGLE

i ~" P K L are fixed
AN T Q moves ! pencil in P

Tangents n,m ( tangents to a

conic form a pencil of 2nd degree)
Line r always passes through P,
Point R always lies on p.

Range p (points R) and
pencil P(with respect to Q)
are projective.

If pole P is on
the conic, '
the tangent is
the polaxr 1line.

P K M become identical.

Problem: given 5 points
and pole (P) construct
the polar line-=----

Problem: given
5 tangents and polar(p)
— - :
construct the pole-----

b

1
&
R

!

B i e b e L .,.,_"; e R o P P i e T

) Construct 2nd tangents
4 . Construct 2nd intersections through lp end 5p.
i with the confc on lines 1P and 5P. Quadrilateral + extra
' Quadranglé + extra triangle produces trilateral produces
the polar 1line. ; the pole.




MOVEMENT

POLAR T R

of the

I A/NGLE

Constructions

pole - outfside

polar - oytdide (line wise)

Quadrilateral
on the conic

(pointwise) .

Quadrangle ' _///

on the conic’

Corresponding
extra trilate
line,move in/

points of the moving
al on the polar
opposite directions.

S

Tangents from points

on the polar line-—--
produce extra triangles
AA'P, BB'P, etc.
Touching points seen
as double points to
simplify the method.

polar - §nside (1inewise)
pole

- side (pointwise)

Points on the conic
from lines through the
pole--- produce extra
triangles AAYP, BB'P,
etc.

orresponding
points move
in the same
direction.

“\
)

T — S

N

S
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PROJETC T»I VITY in I TSETLF

Two pencils through the same point and
two ranges on the same line -
have the same base .

A projectivity between two such basic configurations
with a common base is called a projectivity in itself
and is determined by three corresponding pairs of
elements. 1

]
c C:// o Cyclic ordering :
/ T If corresponding elements
7 - (e.g.A,A') fall together
\“\_<3£: - ) CR( we have double points or
—= ~g double lines.A projectivity
////<7 ~ can have no more than two
/ ~ A double elements otherwise
A B : o it is"identity?
l.)tfq', T s — 7 & T If the movement of two cycles
1 g ‘E (camre 1)is in the same direction,
£*3 there is no double element;
. I S NP - G, two cycles (case 2)move in the
A A'B* B c cC same direction~ two double elements;
3.) ey e two cycles (case 3)move im
1 E’ E"’ 6. B R' opposite directions-

two double elements.
Points move: A to B to C to A and A'to Btto C'to AT,

DOUBLE-POINT CONSTRUCTION  (Jakob Steiner 1796-1863)

A projectivity can be
tranferred onto a circle
by a pencil through a
_ point on the circle. '
The connections of the
intersections of the -
cross lines intersect

“ |
"the circle in the . . /;////////’
. double points. C ' i : _\3 o &

+ These are transferred

 f\\

Problem: o
5 points of a conic
are given.
Construct intersections
of a line with the
conic. -
(Projective pencils
from 4 and 5 are trans-
~ . : ferred to the conic.
T % \ [ /2 Double-point
"~ ' <) construction).

\ Solve the polar

problem
3 connection of a point
> with a conic - - -

N
O
!
T —
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SCALE of ADD ITION

Projectivity into itself

{ in repetition leads to a scale
(progression).

ONE FIXED POINT - K -

produces a scale of addition.
~-Step measure-

Given:

Construction: OIN X 12N~ 23N ...
Harm.four : 012N 123N 234N
01 is the initial unit.

Fixed point N at infinity proeduces arithmetically equal
‘ ‘ distances,

&S & '

o A \ - = =

Progression
into the -
negative.

Using harmomnious four points,
gives construction of a M8bius Net.

e —

T T e



TWO FIXED POINTS =N M-
produce a scale of
multiplication.

~ Groowth measure -~

Given:

e T R e Yzt BV

Construction:
61 MON 7Z-MINX M2N R M3N ...

Same scale with
n and N at
infinity.

Further examples of - : /Y . /
the same scale. 7Y} é; E a

G and G' at infinity .

7™
e / / .



PERIODIC SCALE

The FIXED POINTS

Given : are not known.

&

Construction : >
olZK 123 7(231&K31&5 oo '

G and G' are at infinity, d
. Lr*




INVOLUTION

X and X' separate P and Q harmoniously.
They move in opposite directions
and are two projective ranges
on the same line.

P Q are double points.

X as point of range 1
corresponds te X'en range 2.
X as pe}nt of range 2
coxrresponds to X'on range 1.

- AR e 25K
= < KX Corresponding elements are
interchangeable.

A projectivity between two superimposed ranges or pencils
( on the same base ) is called an INVOLUTION if the
corresponding elements are interchangeable. :

( The name involution wis given by Desargues.)

A projectivity where the elements | Two examples of
are not interchangeable: Involution: :
1. corresponding rays are
perpendieunlar  to each other
(withoéut double noints).

rom P .« -

e ..——7—-

2,

All involutions can be obtained from these two
examples by intersection and connection.

If in a projectivity two cdrrésponding elements are
interchangeable, all elements are interchangeable. -

( If A=B' and B=A' - then - C=D' and D=C'
I PROOF : :

¢{ - ABC K’A’B'C'

i A=B' , B=A' o
| (g)ABCDii(centreZ) ABCD(g"')
= . (g")ABCDRA'B!E'D'(g)
- Axfs of perspective: :
- Lines AB'+A'B intersect in Z.
1 Lines C'B+CB' #fntersect in X.
Lines AC'4A'C inmtersect in Y.
Being perspective to Z,
C and D imterchange,
therefore C=D'




INVOLUTION on & pencil

abc 7¢a'b'c'
a=b' b=a' G

(G)abcd X (axis z)abcd(G')
{G')abedxa'b'c'a’ (G)

2z connects ab' + a'b.

x conmects c'D + cb'.
y connects ac' + a'c.

VIR g

dc' + d'c intersect on z.
x y z concurrent (centre) .

( If two elements
are corresponding
then all are.

Two pairs of corresponding elements determine
one and only one involution.

The HYPERBOLIC INVOLUTION  has two double elements .

The ELLIPTIC INVOLUTION has no double olements .

Example l: Two pairs are given -- A A! B B' -~
AA'B K A'AB' ..__Ao-_;‘\.o__gg, o
el -*e————e A »

in opposite directions. Pairs do™no

Example 2: Two double elements are given -- P Q -~

PQXX"* > PQX'X —ex > '
B(PQXX') & F(PAX'X) v -
Corr. lines intersect
on the axis QCD.

PQ-XX'are harm. (see ECFD)

It is a B
hyperbolic involution.

Example 3: One double element (2]
and one pair of corr.
elements are given.

A*AP x AA'P.
Q is second double element &=
E(PAA')TF(P'A'A)' -
Axis CDQ . This is @

hyperbolic involution.

Example 4: Two pairs of corresponding

t separate
each other. It is a hyperbolic involution.

elements separating each {
other are given. Js 55 0O A_;§5
ABA'B* X~ A'B'AB. They move — e

in the same direction-
this is an elliptic involution .
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Complete QUADRANGLE Complete QUADRILATERAL
a -opposite sides intersect a - opposite points connect with
" line in corresponding points a point in corresponding rays
oy of an involution. of an involution.

i
¢4

4

3% Projectivs
]

1 . ranges : =4 W
. From g: UU'VV'W (centre cg Projective
N to a: RSDV'A (centre U FrPengilsj } to A
i . to b: CTSVB centre D) om Glaxis ¢} O
- (axis u) to B

N ' . rIT ! '

,f: - On a line - . _-jThrough a point =~ the'involutibn
7'&?L£prugh“1:extra pt.| Qh anfext:é;sidej. 1 has 2 double elements -

'?).thrbugh 2 extra pts|. onm 2 extra sides is hyperbolic.

3) through 1 cormer | on 1 side ' is parabolic.

- If the line is in thel-pointed region or the point in the
4—sided section , it is a hyperbolic involution..

If the line 1s in the3-pointed region or the point in the

[

' j~sided section, it ig an elliptic involution.
L

/S | o)
D —£ -7 > .

\“-..__~_\—/A._’;T~\ /’\ / ) - R—a
Y U AN e
/ y "'}"‘ \—5
k-pointed region 3-pointed region .
( hyperbolic ) ( elliptic Sections~-numbered
‘ according to their

| | number of sides.



Problem: An involution is given by two pairs of corresp.
points UU' ,VV', Construct,with a quadrangle
to an arbitrary point W, the corresponding ¥'. ;

The two theorems /of involution:

| 1. If one pair of elements is interchangeable,
all are interchangeable.

2. Two pairs of elements determine an involution.

Both theorems are also valid for an involution of the
second degree { on a conic ) because an involutien on
a first degree base can be transferred to a conic
by pexrspective. '

Onr a range of the second .order

AABB' A'AB'B

o cross lines;AB'-BA! cross links AB-A'B’
/// AB-B'AY o~ AB'-BA'
¥ hyperbolic elliptic

invalution. \invo;ution.

Crosga lines : '
1nteraect_on,the‘axis P.

The quadrangle shows that connections
// between corresponding points intersect N
in the pole. ( P is the centre of the involution.)

On a pencil of the second order -:

~ . 4ff The polar line is
- the axis of the
involution;_

— e - ;ix‘zs
. b q‘s TS m—
elliptic

Intersections of !
corr, lines are—
. on the axis.
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Hyperbolic Involution ! Elldiptic Involution

Corresponding points are on lines through point P.
Corresponding lines (tangents) intersect on line p.

Given:
Two pairs of points
not separating each other.

AA'BB' X A'AB'B .-

in the double points, which are the

.from the centre of involution.

~© HARMONIOUS  REPRESENTAION
. of an  ELLIPTIC mvownox

Construction for points P,Q
which separate both pairs
harmoniously (See page 26).

P Q are the double slements
of the involution A A' B B!

Using J.Steiner's double
point construction (page 35)
transfer to circle:

Cross points give the axis,
which intersects the circle

touching points of tangents

'~AA BB* separating pairs- - \\tj

|

transfer to circle.

P - centre of the involution.
PoP C(C,~- harm. four points.

Harmonious pencil in Dl

ithrough P, C P C

intersects with circfE in D,C D C .k;
D

paQSing

Transfer latter points backlt%‘2 2

the line g.

bD¢C D/O/ are therefore two pairs
of corresponding points of the
‘elliptic involution

in harmonious sequence.

Point C can be chosen
anywhere on the line.
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- IMAGINARY ELEMENTS

Conjugate elements are
corresponding elements //,
of an involution.

A conic curve creates
an involution in every
point and every line in
the plane of this conic.
P,p outside: hyperbolic
inside : elliptic

To every point belongs

a definite line -- the polar.
to every line belongs
a definite point -~ the pole.

Pole and polar are centre and axis
of the involution on the conic.

N

The three involutions (in the pole,polar and onp the curv
are determined by one of these involutions.

The double elements are points or tangents
of the curve (conic curve of second degree).

The hyperbolic involutions each produce twq.real points and two

real tangents by their double elements.

The ELLIPTIC INVOLUTION 1is considered as the |
representation of two IMAGINARY POINTS
or two IMAGINARY LINES

An imaginary element is reprgsented by a --
directed elliptic involution.
( von Staudt 1847. 1798-1867 )

Every line in the plane of a conic has two points in
commen with this conic and every point in this plane
has two tangents in common with this conic; two real
or two imaginary omnes.
We can consider the elliptic involution to be a o
movement - in one direction as being one imaginary
element, and in the other direction as a second
imaginary element. In the same way we declare the
imaginary plane to be a movement in a pencil of
planes. : ;

The concepts poipt, line and plane are thereby extended.

Find the involutions of pole and polar
from A A' B B!

s
,/f;i;&c.




The phenomena of intersecting and connecting between the
elements of point, line and plane are valid also for the
extended concepts of point, line and plane, i.e. the imaginary

elements. ( Abbr. im.=imaginary )

For the geometry of the plane

An im. point An im. line
orx a real line : through a real point
=~ S - W, S . o ~ .
A B A 3 o=
An im. point_ . An im, line . /
on am im. line : through an im. point:

RN

On an im. line there is only one real point.
Through an im. point is only one real line.
Through 2 points there is one and only one line.
Two lines have one and only one point in commom.

1. F, G both real points 1. f, g both real lines
= o , », ¢
G .
| | a
'2, F real, G im; - ‘ 2, f real, g im.

. Connection x im. -~ - ‘Intersection X im.

3. r ill.. (7 im- 30 £ in_-. -4 im.
COnnectiqn X im. Interaection X im.

Construction with harmonious representation
from point of intersection or line of
: ‘ connection (C,c) .

=

Construction for'x
and X is overleaf.




Connection of

2 given im. points
with their

harm. representation
with respect to C -

Hhrmgkgo nts ox
respective lines g and‘f.\\
with h rdonioug/poimt im

zonnect through

l Intersection of
2 given im. lines

with their harm. rap'esentation'

wvith resveect to ¢ -~

results in an
im, point on

ugh>

ommor;

G and F with one ray in
intersect on a ine x wh
of intersectisn of the two im.

armonious four rays thr;

‘ i t
s .

ch contains—tae
lines thr

Y6

results in am im. ling
through X.

2 im. points
parallel
lines.

/|é '
/////C’
>

Two harmonpious |fo

with a common ¥ay,

representing two right-
angled involutions.

c Im. lines intersect on
an im. point on the line

rays

T ’ at infinity.

@m. point X
p F and G.

R e TR




Construction of CONJUGATE

ELEMENTS

Projective pencils

in 2 points of

the conic. !
L2

o

2

)
[

J

The 2 pencils produce
2 ranges on a or b with
im. double points om a

Projective ranges
on 2 tangents of
the conic.

The 2 ranges produce
2 pencils in A or B with
im. double tangents in A

and real ones in B.
\ - ~

an\jeal ones on b,
\ - -

_2;

Pole P produces an invelution o@ the conic curvé.Z"

P is the centre of involution,:r_;dqt:epponding-pbinfa'lie'

on the polar p(constructed with a quadrangle) GG' being on 2
1line through the pole. The connections of any point on the
conic with & and G* intersect the polar in 2 conjugate points.
(Figures above and below left).

\. 1 er e
: — 7 7 - - Pt
C igure on right): - T =
& /// Conjugate lines pas ///l/

through the pole :

g g' pass through
a point on the
polar line.
- Intersections of a
G * tangent with g and g*.
T connected through the
pole are conjugate g

pairs of liues.
Projective pencils

occur in G and G*',

Projective ranges
occur on g and g'.

{

‘on 'the line through P (AAY). The corresponding involution lies o



W 3

Problom The involution on the
given: Pole and polar is produced by an
polar line with auxiliary circle
involution and point B and a centre I of the
a point of the conic. involution .
Construct further points
of tho conic. “1(,,’
=2 L
&) , ///4767//
; 4

R4

PU - BB' are
garm. four points.
B and 'B' areo
connected with
conjugate points
on the polar line.

Polarxr Problewm : '

- gliven: pole with involution
o and the polar line,

plus'agtangent(b)

- to the conic.

=
Construct further
tangents to the
conic.

b,b"- p,p' are
harmonious four lines. :
b and b' intersect with -conjugate lines to form the conic.

ety
e

D W e ¢




The A BSOLUTE INVOLUTION

i on the line at infinity is produced by
a right- angled ray involution.

e

et

A

In the centre of a circle is a right-angled ray involution.
Conjugate lines are then perpendicular to each other.

Every circle produces
an absolute involution on the line at infinity.

Lo
ot R et A

A e

5

fhe absolute involution on the line at infinity is an
elliptic involution and repregsents the imaginary points
of ‘intersection, in which every circle intersects the

line at infinity. They are simply called
) the ABSOLUTE POINTS.

- - ’ ;%;ﬁ}kéttﬂ—’*_‘__,,
/ _‘ )

Given: Tangents b b"',
‘plus a right-angled
involution in
the pole

-

The imaginary lines o al 1th-ang1e-d ray involution
are called M IN AL \L INES - ("Minimale oder
‘ - or I SOCTROPEK,[LINES Tsotrope Geraden")

. NS
They are the two tangents to\ circle intersecting
in the centre of the circle. \
, _ \



ARROWYW REPRESENTATTION ]|

OF THE LLIPTIC INVOL'TION

On the line g is thelinvoluation
with respect to the circle.

Conjugate pairs are:itne An involution

centre M,the point at infinity, and given by arrows-then
there is a symmetrical pair Ps- F¢ transferred to

with equal distances from the centre, a circle.

constructed with the quadrangle 1234. |
The two arrows represent the two !
imaginary points,

An involution given by

the sides of a quadrangle --
construct the centre M
by transformation of
the quadrangle.

V&Acb
\©

\ v " An elliptic involution is here given
with arrowe. Shown fs the
construction of any conjugate pair,
7 ‘ and harmonious representation

vith respect toja point A.

The circle passes through the points
of the arrows, with M as the centre.
—-T is at the intersection of circle with
perpendicular to arrows through M,
Pairs S5, and M(M. at infinfity) are
transferred througﬁ T to the circle
at §.S, and R T. M is thus the centre
of involution. To any point A construct
the corresponding point A'. Right-angled
ray v{to x) produces the pair BB'
* harmonious to 4AA',

- :”@!




A conic curve creates
a STRUCTURE

On every 1line and
in_its plane

in every point in

the plane is an
involution.

_Arrows on

parallel lines here
form a hyperbola
with asymptotes

~'The involution on the
~>line At infinity with

absolute inrvolution.

S BN at right angles
to each other.

To gain a fuller repreéeatation
of the imaginary points (arrows
produced by the above circle,
comsider the hyperbola ., ., .
im rotation arzp Rk z/ Concentrie circles
the centre of uf:><}/// ‘ produce a family

the circle. of hyperbolas.

S

respect to any circle is
right-angled, and is the

Two Iines are at right angles,
if they intersect the line at
infinity in conjugate points
of the absolute involution.

Every circle intersects the line at infinity in the
two absolute points ( elliptic involution ).
In the centre of the circle are two imaginary tangents

(the absolute line-involution or the "'minimal"lines).
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Problem
given : 3 real + 2 im. points
of a conic,

construct further pointse

of the conic.:

Conjugate points are on
each others polar line.

All points on a polar line
are conjugate to the pole.

e ic polar to E EE; FF
f is polar to F are conjugate pairs.
CA are harm.to F'F|{The pole to p is the
BA are harm.to E'Ejintersection of £ and e,

Construction

to find the pole:
Pair AB is harm. to EE'
Pair AC.1is harm. to FF'

] - F 4s conjugate to F,

- ' E is conjugate to Ei

;~\\\\\\\\15 f and e intersect in the pole,
} : “Further points of the coniec found

7 ac on page 48 : harm. point is
on a line.through the pole,etc.

Polar problem :
given 3 roal + 2 im,
tangents to a conic,
construct the conic.




Problem : copnstruct the conic : pus
glven 3 real points ABC
and the 2 absolute points
(polar line at infinity)-

Pair AC is harm. to F'F
Pair AB is harm. to E'E

Conjugate points are:
F,F, E,B; at infinity
F' .F polar to F
E' E;polar to E.

The pole is onm the two
bisecting perpendiculars
to A C and A B ~--

E..'
B'B harm. to pole and Q at infinity.
From B and B' lines to the .¥¥F:

conjugate points on the polar =00
(right-angled) intersect in - }
points on a circle (the conic ¢%

to be found).

Polar problems:
given 3 tangents abc
and pole with
abgsolute involution,
find the conie if :
1. P is the angle-bisecting
Pair ee' is harm. to ab
Pair ff' is harm. to ac &
eeland ff, are conj. pairs,
a.

F E is polar 1line. -
Further tangents are fbund
between b and b'.

- betweer €
2. b is the line at mrinuy‘e | L
P is on the angle bisector 56;-

| between a an - , Ebo

As b is at infinity,

the curve must be a parabola.
b' is the vertex tangent.

The polar line is the
the directrix. A



Problem —_—
given : 1 real + 4 im. points
of a conic, and

the lines € and h

with involutions given

by arrows. /
Find the conic.

Y

Conjugate pairs:
E Ei E Eé .
The "line E!? Eé
is polar t% E.

"\
Involutions are projected
from A to the circle’ k.
Corresponding points are
connected through the
centres M and &. Three points with'
The double points ST_ ' two tangents:
bProduce the double construction of
points XY on the p
polar line of the’
required conic, .
with tangents
from pole E.

&
Connections with’
the pole E give
the 2 tangents in
these points {X Y).

Polar problem - -
given : 1 real + ;
4 im,tangents. :

e! el intersect at the pole

to the line H-G,

Projections of ‘the
“involutions in H and G

are transferred to téngent a.

Double points on a give the
tangents from ¥ g

gents with two
points:construction of further tangents,
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QUADRANGLE on the conic and TRANSVERSAL

(A /QD» & ABCD are projected
1{(97 o ») through I to a
N < " II to b
~ " III to g

ABCDx BADC
Elements have
interchanged

in pai;s-

Any four elements are projective
to a form which is derived from
interchanging elements in pairs.

ABCD -x- BADC .y CDAB-7; DCBA

’7%

Opposite sides of a quadrangle
intersect a transversal in
conjugate points of an
involution (page 41).

Pencils lie in S and Q. Therefore
P B P'Ax- P A'P'B'= P'B'P A",

The three pairs are in involution-
C C'are also a conjugate pair.

Conics through four points (pencil of'conici)'and the sides
of the quadrangle'of the same four points intersect -the
transversal in pairs of conjugate points of an involution.

F:_beblem : given 4 points + 1 tangent . (ABCD + t),

construct the conic. :

~Polar problem:
given: (beigiy’_
4 tangents and
1l point
(abed + T).

Two solutions-The auxiliary
circle gives two double points
of the involution on the
tangent t. These double points
are a touching point each to
two different conics.

(No solutions if t in three-point€c



Theorem of DESARGUES on the CONIC

A quadrangle
is inscribed in
a given conic.

If it moves in such a
way that three sides
each turn through one of
three fixed collinear
points A'BA, the

fourth side will turn
round a fourth fixed .
point B' collinear with
the first three given
points.

The involution on the line g
is determined by the four
points A A'P P'., To a fixed
point B corresponds a

fixed conjugate point B'.

The figure on the left shows
only those quadrangles which
have one side as a tangent.

R

4,Quadrilateral—
{Polar Configuration)

Four tangents to
a conic. ”

The intersections
~of the tangents

glide on four lines

through a point.

Construct any inscribed
polygon with an even
number of corners,
sides rotating round
collinear fixed pointa.




CENTRES, DIAMETERS and AXES of conic curves

—CENTRE —
is the pole to the line
at infinity.
P Q R is a polar triangle
with one side at infinity.

—DIAMETERS
are lines through the centre.

The ray involutign in the
centre of a circle is a
right-angled involution.

Tangents at the intersections of a diameter with the conic
are parallel to the conjugate diameter. The centre is the
Qoo ' middle of the diameter.

— ELLIUPSE

Conjugate diameters form
Teo an elliptic involution
‘ in the centre.

—PARABOLA-— NN\

The centre is at S
infinity, diameters are
parallel, chords are inter-
sected in the middle by the
line parallel to the axis : X
through the touching point — \\’ _ﬂ_w\—~— e

of the parallel tangent. ' — ’4°<1§ 
G \
AN .
) _ -d g

= 44 Y P ER F L A-—\\x

55 oo , .

- In the centre ias a hyperbolic

- e involution. Asymptotes are’

%kxlg : double. rays. Conj. diameters dd'

are harm. with the asymptotes.
segment UT=TS on any tangent t.

4
. —M A IN AXES of a CONTIZEC
In every ray involutfon exists one pair of
conjugate rays which are at right angles
to each other., .
Conjugate diameters of a conic curve at
right angles are called the MAIN AXES
of the conic x and y ).




Who

HOMOLOGY
/ /

’77/’ is a porspective transformation
e of the plane in itself.

S
g g

N

e

e e e

g O : centre of homology
_ ,/ﬁL ’///;: — . axis of homology
/ 'y Vy b vanishing lines, ) .
é:ﬂ' corresponding to the i
Vio— 7 s line at infinity. |
~ //Jgiy“‘{// Points on the axis are self-correspon- ;
~ . ding, therefore the vanishing lines :
/ { must be parallel to the axis., Corre-

sponding points (e.g.Ax*) are collinear with !

the centre. Corresponding lines (e.g. aat')

Homology is determined with: intersect on the axis.

T. centre, 2. centre, 3. centre, axis
axis s+A A' axis s+a a’ + vanishing iine v

/ﬁ//' Cf) N ‘/’

iy 42 g T e s N

i

Example with
triangle{case 4).

.‘/' !
4*///’4; vanishing

/ . line v+ AA'

kg om

™~

Transfofmatidn”
of a circle -

~.

vanishing line .
intersects the _
circle., - -—

hyperbola.

If the vanishing line
touches the circle, the result
will be a parabola.



Given:
circle, centre of homology O,
vanishing line v

as the polar line to O,
and corresponding
points A A',
Construet the coni
the help of the
vanishing
line.

Any line a is
chosen, x and x'
are paralleil.

O becomes
the centre of
the ellipse, i
for O is the pole
to the line at /
infinity.

~In homology, harmonious
“fours are maintained,

as 1t 1s a perspective
transformation. Thus

pole and polar_again .- .
become pole and polat. ’

Given: circle,
middle as centre
0 of homology,
V.8 <+ A'.

- Find the ellipse.
Note reversal of

the construction.

( A'to A)

The FOCUS POINT The polar to O is the line at infir
OF A CONIC The ray involution is right-angled
has a right-angled at the centre O.

ray invelution. : O remains fixed , therefore

the involution in O also remains
fixed for the ellipse,
and is the focus of the ellipse.
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COLLINEATTION

is a one-to-one correspondence
between two planes.A point in one plane corresponds to one and

only one point in the other pPlane. A line corresponds to one and

only one line. The order is maintained. Inside elements
correspond to inside elements.

If both fields are in the same plane it is called a
transformation of the plane in itself,

Two corresponding quadrangles or quadrilaterals
determine a collineation.

[
)

Corresponding formations of the first degree are
projectively related. Therefore ranges and pencils

of the second degree are also projectively related.

choose on PP!
two points X Y

A collineation is
determined by
four pairs of
corresponding
elements, -

Example of a P
general collimeation:

ABUV RA'B'U'V!

Two pairs of
projective ranges
determine a
collineation.

( A further example is that
two M8bius nets are

always in collineation
to each other.)

e e e o W i ik ® ;
. : s '»i;fkg

’

A

j
|
% E
|
}
|




CENTRAL COLLINEATTION

The lines through the centre (fixed point)
are individually self-corresponding.
It follows from Desargues' theorem that a line exists
(the axis) whose points correspond to themselves.
( This theorem is self-polar ; see page 9.)
These relations are thus perapective.

Two central collineations in combination (A°to B and B to C)

l. With common‘axis s
produce a third collineation (A to C).
The three centres I,II,IIY are collinear.

Triaﬁgles-le;MSG have
the centre X.
Axis through I,II,III

2. ¥With common centre 3 o
" produce a third cell;neatlon (A to C)

."'E’he three axes AB, AC, Bc are concurren '.__

Hicze
Ae —— BAxES

e
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CENTRAL and AXIAL SYMMETRTIES

are harmonious mirror transformations
and belong to central collineations.

All pairs of corresponding points and all pairs of
corresponding lines are harmoniously separated by

the centre P and the axio p.

P is a fixed point.
Q and R are also
- fixed points,.
The Pencil in P consists of.
fixed rays. There is a
collineation with centre P
Lodie, N\ and axis pe.
1o On the lines through P involutions
'-’{'s)/Mw\d:/are produced. The property of this
\ figure is that segments A D and B C are

\ interchangeable and are mirror pictures
of each other.
. AXTAL SYMMETRY - CENTRAL SYMMETRY -
centre at infinity. axis at infinity.

Harmonious mirror trans-
formations are collineations
in dinvolution., Correspondence

is interchangeable. . COMMON MIRROR

( On each line through the TRANSFORMATION —

. centre are 2 double points.) centre at infinity reached
Every involution of a conic by perpendiculars to the
curve determines a harmonious axis.

mirror transformation. The .

conic is transformed into ) \\\

itself. L \/ F——l

~ ‘_] ; |
2 ~Z

e
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P OLAR SYSTEMS

A polar system is a reciprocal correspondence,in a plane,
in itself., Point corresponds to line, line corresponds

to point.

There exists a triangle of which pcints

and opposite sides are interchangeably correspondent.

Two points are called conjugate
if they are on each others

polar line. Twvo conjugate lines
| go through each others pole.
Conjugate points on a line

and conjugate lines through

a point each form an involution.
-{Look at the polar triangle on

e R e -_

g e e

&

i

|

k-
|

page 32.)

PQR
0o

: polar triangle
XX ,YY

P

pole and polar

: conjugate
pairs of points.

Xx, Yy corresponding

o pairs of pole and polar
~ ( the polar to X goes through
: ‘ P and O ).

oro.. . PQRO--paqrToO

Fﬁ\\ © This quadrangle and
quadrilateral determine

4 a reciprocity in the
plane in itself.

A polar systémvis determined by a polar triahgle

{(p Q R - pgr) plus one pair of corresponding elements (O o).

O is not on a side and o is mot through a corner of

thé triangle.

Choéose P, not on its polar p,
Q on p,.not on its polar q.
QPR is thus a polar triangle.
PQ QR RP are each a pair of
conjugate points as they are
on each others polar lines.

Equally are pq qr rp each
a pair of conjugate lines.

If U is on u and V onn v 3
u and v are tangents to
the conic.

This tangential triangle
is not a polar triangle.



THERE ARE TWO POLAR SYSTEMS essentially different
from each other.

Firat Type : N e ——
: Hyperbolic involution.

Corresponding pairs do not
separate each other.
ey - = W@ X
Elliptic involution.
Corresponding pairs
separate each other.

PQR Oo determine the system.

On p : hyperbolic involution.
On q : hyperbolic involution.
Onr : elliptic involution.

Phis is a mixed system.

A polar g to any point G

s constructed with the
onjugate points.

Gg will have the same relation
PQR as Oo.

Second Type ——Line o intersects all three

segments of the triangle
outside the section containing O.

On all three sides(pqr) there
are elliptic involutions.

This is a uniform system.

There are no real doﬁble.points
'as no pole can be on its polar.

Gg has always the same relation
as Oo. g fhever intersects
the section containing G.

All ipvolutions in this second case are elliptic.

T \ _
The corresponding conic curve is an imaginrary one.
' ( Christian von Staudt 1847)

If there is one polar triangle with mixed involutions, .

all polar triangles of the system are also mixed (first type).
If thore is one polar triangle with uniform jinvolutions, '
then all are uniform (second type). :

Every conic curve defines, in its plane,a polar system
and every polar system determines a conic.
The conic curve congists of :
all real or imaginary all real or imaginary
double points.an the lines double rays through the
produced by the involutions points produced by the
" or -| involutioms.

and etk

o i e nta a5 S o
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On p and q (with
Steiner's double-
point construction)
are points
AKXBTB.

A polar sys¥Xem
is given wit
vPQR'Oo.
Construct

the conic.

Tangents are

the connecticns

of the poles with
the points of the
conic on the polars.

LIS\

e Hyperbolic involutions

5 are om plA, & ) and
ongq (B, B ).

A AO are harm.

to O Of

"“f":

sty

5 points of
the conic are
thus determined.

A polar system
is given with
PQR Oo. '
Construct
".the.polar &

: t'o the pOirt\G'

P and G lie on 2 line
whic¢h intersects P at A.
Q and G lie on a line
which intersects 4 at B.
R and G lie om a line
which intersects T at C.

Conjugate points (XYZ)
to ABC on pqQr
give polar g to P

To verify @ .
S roduces point X on T
= ¥

oint G-

5
7|
\Y

/
» ‘! should also be on
4 iine g with Y Z)-
J 9 u Suggestion :
7 e \J If a polar line 1is given,
find the pole.



If the polar system

is uniform,

all imvolutrtions are
elliptic and the conic
is imaginary.

Polar triangle 4
with points P and 9
(plglat infinity-
CR on a line at
right angles to o.

[TConstruct the
polar g to the
point G.

=

o\ Reo ROeLe
N 4RG
AN An absolute
AN involution exists
N on r at infinity.
xR

N

(L = at right angles)




Two special examples of polar systems.

rq
1
o 1
D
L)
1. One point of
the polar triangile
at infinity
"
2. One side of thé
The line passing : :
_through P and\0 & polar triangle
igtersects_!it \ ] yf
.o and p in A. , ,//
Therefore X is .
a double point. .E5; : Ar(«j..

AR = RA

.0 is on a line at 459-
to p and q. '
o is equidistant
to R and O.

"t Also,the line pass

=

through @ and (0]
intersects with
q and o in B.
Therefore B .is
a double point.

The conic is a circle.
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I.Abteilung Vortrag 12




From Th. Reye -
Geometrie dexr lLage

P OL AR THEORY with respect to C ON I C S
Four points on a conic Four tangents on a conic
with two tangents with two touching points
produce the ’ produce the
Pascal configuration. Brianchon configuration.

—

Four points with four tangents on a coniec -~

Theorem of

~/~ Maclaurin
\\\\\W&<f; (1798-1847)

Onr the line SB-
are 4 harm, points;
also on every other
line through S. . : ‘
Through M go 4 harm. rays. °~ = d ’
If A and B are fixed and .. /"5 o
line DC rotates thraugh S then the o ,
line (8) remains fixed. "~ § is called the pol
S o _ to the polar lime s.
Every point is a pole to a definite polar line.

PSR is a self-polar triangle with resﬁect to the conicy its
points are poles to its Oppositi/gides.

‘ﬂﬂi:::;;rﬁﬁ'ﬁexagon on a circle., The
pole to each side is found

by tangents in points.
Opposite sides of the hexagon

_Opposite intersections of the

hexagram connect through the
Brianchon  point(B).

intersect on the Pascal line(p)-




s The Main Theorem of the theory of Pole and Polar:

—— Every point on a line has its polar line passing
through the pole of the line. :

—— Every line through a point has its pole on the polar
line of the point.
(A point is harm. separated from its polar line by
the conic. A line is harm. separated from its pole
by the tangents from the point to the conic.)

- The polar line to a point on the conic is the tangent
through the point.

-

If point P moves on T

its polar line p rotates
tprough the pole R.

This pencil is projective
to the range Tr. .

(Points ARC are fixed)

From this we deduce
‘that tlre polar form
of a conic is again
a conic. '

with respect to a conic ,

two paints in the plane of this coO
are called c on juega t e points:
if each point lies on the polar of the
other. . Two lines are called conjugate
lines with respect to the conic if ‘each line
gobn[through.the‘pole-of.the_other. - R
(4 pointvip_qongugate to every point: of its polau\}ine; o

o

! v,}Arlinm'iqvconjugate to qvgry.linefth?bugh its pole. )
l..kfpélar‘triangleuis'a tf}aﬂ;@ﬁ'con&ugate oints and lines.

,beiptsf0qu:c9n1c arg sp;l$c¢n3ngate;gnditgngents‘are
~also 3alfeconjugate.f'7 e T ’ .

Construction of‘conic.frOQjconjugate-points on a line -

or ;from conjugate'rays~thr0ugh a point ( Invplution') -

Line through a pole(gives four harm. points): from inter-
sections with conic draw lines to the conjugate points .

' These intersect on the conic. (Fig. above)

Point on a polar iine(gives four harm. lines): two
T conmections with conic intersect with conjugate rays (ab):
These four intersections connect as two tangents to

the conic. (Figure below) . [

2 on ?’:‘4( ¥ —— y )

<0 “-"~==:




The connecting line of two poles

P and Q 4is the polar line to the
point of intersection of the two

polar lines p and q of the points
P and Q.

Two conjugato points are separated
harm. by the conic (real or imaginary).

A POLAR SYSTEM

8 a reciprocal correspondence in
a plane in itself. (Point polar to line)
It is determined by a polar triangle
(PQR) and one pair of corresponding
elements (pole G and its polar g).

Xx Yy are corresp.
pairs of pole and
polar,
o~ Y ¥ ,X X' are
><" R / />< = \R conjugate pairs.
PQ QR RP are also
. ' conjugate pairs.

e three involutions on the sides of the polar triangle
are therefore determined. Double elements can be found
with Steiners construction . Connections with the poles
give the tangents. ( Points on x and y are also to be
constructed) With this the conic curve can be drawn.-that
is if it producés a real conic, and not an imaginary one.

If two conjugate lines intersect
-the conic, the intersections
ABCD are four harm. points
~and the . tangents abcd are
. four harm. rays. :

-( On a line through the pole

© are four harm. points;
‘project them from C onto"
the conic.
Through a point on a polar
are four harm. rays. Intersect
them with c,or with any tangent
in 4 harm.points, )

In this figure the 4 pairs of
poles and polars are an elliptic
polar system and therefore '
determine an imaginmary comnic.

The polar g does not go through
the section where the pole G
is situated.
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TWO LINES

~~.. 8 and b are not conjugate lines
with respect to 2 conic (circle).
Ta every point on the line 2
t on the line b.

—— 1s a conjugate poin

Polar lines to
gvery point ©°on
1ine a go ¥hrough
the pole & af a.
They are at right
angles to lines from
the points to the
centre of the circle.

Polar lines to the point? of

a range are projective to the
range. The two ranges 2 and b
are therefore projective and

their connections produce

a conic.

) V. -
— \g;(Diag?am on 1¢ft)}
‘12;//7?77*:If a'énﬁ'b=inmerse¢§
‘ -~ ranges become perspective.
: (The}point of jntersection '
corresponds to itselL)
The centre of perspective
is the intersection of
the two tangents to the
second points of 2 and b
on the conic. ’

(Diagram above):
Two lines intersecting
a conic plus theé tangents
at their intersections,
become six tangents to
a conic. (Test with

Brianchon



TWO POINT

A and B — not conjugate points

. {
(Polar constguctib s
/ a “ﬁa'\o« L.

to previous
page)

Their intersections are on a oconiy,
as they are two projective pencils N\

(Poles on a are projettive
to the pencil in A.
The pencil in B is

-perspective to the

- range a.)

Intersections of two
pairs of tangents to
a conic (A and B)
and the four touching

in the plane of the conic.

£

points are all six points. S TS~
A\ Test'with’?&scal'lige H

L 2y

on a conic.

If connection of A with B
is a tangent to the conic,
this becomes m common to
both pencils ; they are
then perspective,

The intersection of the
two pencils is a straight
line.




P OLES toa pencil P

~

/

with respect to two circles.

They are projective ranges
on thie two polar lines

pland P,

]
(the two polar limes
of point P).

" They produce a conic.

Construction:

Perpendiculars(to the
ray through P through
the two cemtres of the
circles)intersect

the two polars in

two corresponding
points.

‘POLAR 'L INES
to the points of a ‘
line p with respect
to two circles.

Tnéy'arevprdjectivp-
pencils through the

two poles Pi‘and-22,

(the two poles of the
line p).

Construction:

Perpendiculars(to

the lines connecting
points of line p with
circles’centres)throug
the poles Pland P2.

Intersections are ’
the points of the
cgnic.



Chapter:

Conjugate points

on polar line:

On a line through the pole:
4 harmonious points GG'PS

The connections from any
point on the conic (A)
te G and G' imtersect

he \polar in two conjugate
8 (XY).

Two quadrangl fp;yth

the same- diagonal

triangle ---~ have
their eight points
on one conic.

[ Two quadrilaterals

Five points determine ..
a conic . On the sides
of the quadrangle are
always four harmonious
points.

Polar :

with the same diagonal
trilateral --- have
their eight sides

as tangents to the
same conic.

From: Projective Geometry by
B.C.Patterson(New York 1937)
Theory of pole and polar

in Projective Geometry

Tonjugate lines
= £ /'

8h pOleo 4(/

Through a point on the polar:?
4 harmonious lines gg'ps

The intersections of any
tangent to the conic (a)
with g and g' connect
with the pole inm two
conjugate rays(xy).

Two conics with four tangents
in common:
Diagonals form self~-polar
trilateral (par) .

~Line PAM must intersect the
two-conics in their intersection
B, fon\PAMB are harm.4 points.
The same “applies to the other
sides of the uadrangle ABCD.

P QR is the self\\biar triangle
- to both~conics. IS

Special case:

If the conic becomes
two lines (placing E
on line AB)

or two points.

s




D

R T e R

QUADRATIC TRANSFORMATION I

SSOATIRAR

Given : a fixed conic and a
om— fixed point P.
To point A corresponds point A'.
AT is the intersection of
l1ine PA and polar lime a of A,

3:coemtasi ] s

.

A and A' are conjugate points
and are collinear with the fixed
point P. The correspondziise is
involutary (interchangeahle).

Exceptional points (above diagram):
"1, A amy poimt on polar to P.
] ' _ A°' coincides with P.
1 ' o If A=P: A' is indeterminate.

: 2. T. and T, (contacts of tangents
| SR from P) 7 corresp. points are
H indeterminate.

' 3+ iny point om PT, has its corresy

point as Tl( on PT, -- as T, ).

- Points on a line have their
'\corresponding points on a conic.

They are the intersections
of two projective pencils;
the pencil in P and the pencil ¢
in the pole of the line s are -
projective to the range of
the line. R

neformation: .

Nted conic and.
\od -1ine p. i '
krésponds. line a's’
inteXsect on p; - A

Limes through a pRint v
| have their correspending -.
iimes as am envelo to

a conic.
i The range on p 1is projective to the
| , range on the polar pf the point (s).

A

| . a and a' are conjugate

i rays. The correspondencé 1s
] . involutary. : '
£, : Exceptional lines: a any line. through pole
B4 (etc. as above




QUADRATTIC TRANSFORMATTION

(Reworking of page 9) A one-dimensional form
- of the first order 1s transformed
into a one-dimensional form
N of thhe second order
' e.g. range into conic).

\ ! ~ | ° ,
\ : ! Any point A becomes its
><\ / conjugate point A' on the ray
/N /// of the pencil through the
o T fixed point P. ( Intersection %
. / . of line A-P with polar line)

Transformation of
a range m of the first
order.,

On every ray of P
construct the conjugate
point to the inter-~
section with line m.

..—" The resulting conic passes
through P and M (pole to m)
and through the touching
points of the tangents

to the circle from P and M.

If the line Mjto P is a tangent
of the circle, the conic becomes
a straight linke.

Polar to the above:

A line p and a point M

are given. The transfor-
mation is from a pencil of
the first ordexr to a
pencil of the second order.
Through every point on

p the conjugate line

to the line through M

is constructed.




QUADRATIC TRANSFORMATION
of a circle m

~ with respect to a conic RS
and a pencil through P. ///2/
\\
)‘

The inner circle n
is the polar to the

circle m.

The polar lines to the

points on m are tangents

to the circle n.

x " The resulting curve
lies on the inter-
~sections of the polar
.lines with the

. corresponding lines

.. through P.

Pencil of second order
(tangents to circle n)
intersecte with pencil
through P.

' Suggestion: Find the curve if




&y QUADRATIC TRANSFORMATIONR TI

A\Given: two fixed conics.
.- o

To point A corresponds A’
A' is the intersection
of the two polar linres
. with respect to the two
conics.

A and A' are conjugate
points with respect to
each of the.two conics,

If a common aeﬂf-poiar.triangle exists ¢ (PQR) and

if A = P, then A* is any point on.p (QR).

If A is amy point on p then.A' coincides with P.
Similar for q (PR) and r (PQ).

Points on a line have their corresponding points

om a conic. This conic goes through the vertices of the
common self-corresponding triangle of the tweo conics.

Polar lines form two
projective pencils through
the two poles of the lime'x
with respect to the two
given conics.




PASCA

L LINE and

Iz,

4

(From Cfemona,Art.lSi)

DESAR G,UES

e

Six point
(hexagon)
intersect
points (a

s onaconic

. opposite sides

in three collinear
xis = Pascal line

.

ve trilaterals
to an axis
tive with

Two perspecti
with respect

are also perspec
respect to a cen

If there is a Pascal line
there must exist a centre.

The two triangles show:
intersections of non-
corresponding sides ~TT——_
are points on 2 conic, /
if the two triangles
are perspective.

N POINT
R GUES

BRIANC H O
and DESA

tre (Desargues).;

Six tang
(hexagram
jntersect

ents to. a conic

with three

limes (centre

point).

‘TVO perspe
. with respe

are also perspe

); opposite
jons connect
collinear
;Brianchon

ctive triangles
ct to a centre
ctive with

‘respect to an axis (Desargues
Brienchen'point

If there is a BI
ist an axis.

' there must eXx
‘The two trilateralsy
'show(middle drawing) ™
connections of non=
corresponding points
are tangemts to 2
conic, 1if the two
trilaterals are
perspective.

Example (at
perspective

right) of two
triangles

with intersec
non-correspon
and connect
‘non-correspon
Thney form two

jorzs of

tions of
ding sides .

ding points.
conics.

)','. ‘.




Two self~polar triangles

( From Cremona, Art.326 )
Poles and polars: gb - GB Conjugate pair: P P°

Congtruction of

seconmd self-polar triangle
from given self-polar triangle
A B C abe and pole and polar G g.

PP'isa conjugate pair;so is AC.
Ghoose any point H on g;

find conjugate point to S on b
with auxiliary circle,

Connection of S' with
is polar lime to H

HGK is a second /(//?k

self-polar triangle.

’ g i .
/// HG and HS'

are conjuga:
pairs, H h
pole and
polar line.

Ve

THEOREM :

with regard to the same
conic have their sgix vertices
on a second conic and

their six. sides on a -

third conic. The second and

other with respect to the first conic,: whoae
polar syatem is determined by, the self—polar triangle
3 & e S ABC and the pole and polar.
/Zf o G and g
. Pole and polars'
Aa Bb Cc Ee Ff Gg.
B,‘b, c'i G

£ The pencil in 6 is projective
to the pencil in A: c¢b,bc, are
the polar lines to

the range CB,BC,

Projective ranges:
I: CF,BC, Ix: E,FF,E = F,EE,F
(pairs change over)

CF,~B,E-BE~ C,F are tangents.
CB and EF are tangents,as well
W) 88 projective ranges, and connect
to form the above tangents.
The six vertices are the poles
to the sfdes of their own

¢ triangles,therefore they must be
/§¢ﬂ ‘ on a conic as well.




Figure A \\\*

NN

Polar triangles
constructed Y e -~
as on ) '
previous
page.

, Conic through
the double points
on the sides of

, the self-polar

R o ' triangles.-

TWO S ELF - P OLAR
TRIANGLES

Bach figure has
a conic through
_the six peoints
and

a conic on

the six sides...

—

 Figure B y >

" Polar triangles .— >
~constructed
‘to a circle.




If two triangles have their points
on a conic , their sides circumscr
another conic.

& and B are two
projective pemncils.
Corresponding rays
intersect the two
A\ sides a and b in

~\ two projective
ranges.

Six points on a-
hyperbola.

The six sides
are tangents to
a conic..

POLARN_Two trilaterals
on a conlc - the 6 points
are on another conic.

”»

Ol
(two projective ranges)

-

A
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From: Projective Geometry by
L.N.G.Filon (London 1908)

SYSTEMS of CONTICS

All conics passing through four fixed points ABCD are
called a penc i 1 of conics.

A pencil of conics determines an involutiom on any straight
iine in the plane of this pencil.

Through a point P of the line goes a definite conic

of the pencil (as 5 points determine a conic)which

crosses the line in 2 second point P'.

P' is determined by P and conversely P 1is determined by P'.

" This is a one-to-one correspondence between two ranges on
the line; moreover an interchangeable correspondence which
makes it into an involution.

The double points are the.ﬁoints of contact of two conics
touching the line 1in T and S.

There are three degenerate conics in the pencil,each one
cpnsiating of two opposite sides of the quadrangle ABCD.

P S Thus the theorem: .

| Six sides of a quadrangle jntersect a line in their plane
in three pairs of correSponding‘points of an involution;
and the polar opposites . o
Six points of a quadrilateral connect to a point with
three pairs of corresponding-lines_of an involution.

A range of conics consists of all the conics
touching tour fixed lines abecd. \\%K . S
(Polarizing the above considerations, find the: - B
. -involution of tangents to the range from a point.
“‘-dagenerate'conics throﬁgh'three_point—pairs of the
"quadrilate:al.) : o ‘ N

N

'// . ’ Pencil of conics.




COMMON SELF~-POLAR TRIANGLETE
of a pencil of conics or of a range of conics

The diagonal triangle of the quadrangle ABCD

or the diagomal trilateral of the quadrilateral abed

is a self-polar triangle to all the conics of the pencil
or to all the conics of the range.

CONJUGATE POINTS with regard to
a pencil of conics .

The double poimts 8 and T om a line produced by a pencil of
conics are harmoniously conjugate with regard to P P'
in which the line is cut by amy conic.

To every point S is a conjugate point S' in the plane
of the pencil of conics.
Consider the conic (of the pencil) through S, and
the tangent s in S. A second conic of the pencil
touches the line 8 in the point S*. On any other line
through S, point S would not be a double point.

The three points of the self-polar triangle are
exceptional as all the points 6n the opposite lines
are conjugate points.

The vertices of this triangle are the only points
with the property of having an infinite number of
conjugate points. Hence this extra triangle, which
is' the only self-polar triangle to every conic of
the pencil. - 5

Consider the .polar opposite: in the field of a range
of conics every line has a conjugate line with regard
to the range of conics. . ~ :

Four lines abcd. Range of comics consists of .all the
conics touching these four limes. In each four.sided
section are conics. In this figure are indicated the
thre§ harmoniously inscribed conics (touchingvpoints
only) . B - .




The ELEVEN-P OINT coxrIC
| ﬂ Conjugate points to all the points on & straight line g
I with regard to a pencil of conics form a conic curve.

This conic goes through eleven peints:

- the j‘points of the self-polar triangle X Y Z

- the 6 points on the sides of the quadrangle(on
each side is the harmonious cornijugate between the
corners with respect to the jntersection with the
line)

- the 2 double points on the line q - T'T.

¥ and v : Any two conics of the pencil.

Q, Q,: The two poles of the 1ine q with regard to Vv, Vo.

3 s, . The polars of 2 poimt S on Qq with respect to the
two conics.

All points on a polar line are conjugate to the pole -

points of 1 and points of 8 are conjugate to S.

/;P% sy 8, ¢ intersect inp point st.(s" is conjugate with respect
to both conics). '

S moves on q@ — S3 and S, rotate to produce projective pencils.

St the:efore traces‘out a conic pasSing through.Ql,QQ,

the eleven-pcint conic. '

T Perrcil 6f‘¢onics
PAR through ABCD-
 Extra triangle XYZ.

‘Double points om- .
‘line q: T and T'. -

The eleven-point conic

4s the locus of the poles \
| to the straight 1line a A1
with respect to the ‘ \l _ —<
pencil of conics. \

: nj/ : ~\\\\\\\k
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Construction of COMMON SELF-POLAR TRIANGLE to two conics

———

ABCD : points of intersection of the two conics,

If ABCD all real or all imaginary

) - the commen polar triangle is real.
If AB real s 'CD imaginary

~ one real point, one real side,

s

(9% two im. points, two im. sides.
Quadrangle ABCD
~0f pencil of conics.

;;rgyz is polar triangle.

ABCD imaginary points on two real lines »
Of the six lines AB CD AC BD 4Ap Bc ; (diagram above),

AB and DC are real, AC and BD through 7z - imaginary
Al and CB' through Y - imaginary.

Extra pbints of the quadrangle: '
AB-DC : Xx AC-BD : Z . CB-AD : Y

B : imaginary points
D : real points

: AB-DC ‘real

¢ AD-CB 1magih&ry
¢ AC-BD imaginary

Consider in similar ways
the self-polar trilateral
from four tangents to
& range of conics.
If abcd all real or all imaginary,
the common self-polar trilateral
is reail,

ﬁr

DN
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TWO c oOoxXICS

may have two
real intersections ;
then they have two

c ommorn tangents.

They may also have:

1. L4 real points and
4 real tangemnts
in commonmn \

2. 4 real points and
L, imaginary tangents. - .
in common

3., 4 imaginary points and.
L4 real tangents -
in common -

L. -4 imaginary poinits and
4 imaginary tangents
in COmMMOIl '

" In case 4 the construction of the
extra triangle fails. Take two lines
P Q, and construct the two eleven-
point conics. These two conics inter-
sect in the three vertices of the
common self-polar triangle and also
in the point conjugate to the inter-
section of pg with regard to both
‘econics, which conj.pt. ijs always real.
A fu:ther,proof that one of the
corners of the self-polar triangle 1is
always real, as one real intersection
of two conics must be paired with
another, is thus given.



2 4

¢ *NICS with A and B are points of contact

I

In like mamner: eleven-line conic corres

DOUBLE CONTACT' with fixed tangentg---.

as a pencil of conics or
a8 a range of conics.

R and R' are harm.conjugate
with respect to A. and B.

There is an infinity of
polar triangles to the set.

This set of conics has both
the properties of a pencil
and of a range of conics.

The locus of poles of aﬁf&line to the set is a straight
line. The polars of a point pasgs through a point,

Consider any line q (RR' harm. to AB- XRR'is the self-pola
triangle)q' is locus of poles of q w.r, to all conics P

_ XQ' is conjugate ray to XQ; Q'XT is the self-polar
triangle.Q' is conjugate to Q w.r. to all conics.

The 1l-point conic corresponding to q is 2 gtraight lines.
A~B  locus of points conjugate to points on qQ, and
X~R*' locus of poles. :
ponding to Q, becomes
- point X(which is the envelope of lines
conjugate to lines through Q) and
point- Q' (which is the envelope
of polars of Q w.r. to the conics),

Construction of conics through three points A B C and

- - touching two lines pq .
?/ \ &

Ihvblutions on AB, BC, and ;)\

by two pairs of corresponding points
a4 on each line give double points '
on each of the three lines.

The connection P-Q must g0 through these double points,
conneetions are bPosasible;this gives four solutions.

( w.r. = with respect )

Such a set of conics can be seen

X™R R'is the self-polar triangile.

—




P O LES
to a LINE (m)

—~with respect to a range

—2of conics touching the

four lines abgd —
are on a linewn

Construct the touching
point S to a given
fifth tangent m.
Through S is a ray
involution (connection . |
with opposite intersections ' '

of the tangents). The oconjugate ray to m is the iine n..
A11 the poles to the line m must be
on this comjugate ray n.

As the lines m n are the double rays:
they are harm.to every pair of lines
.to opp. vertices. So_ they divide the
diagonals harmoniously. o

POLAR LIN.\\?b\QAPOIWT with respect to ‘a- pencil ‘of conics.
E ' _ all pass through a POINT. .

- Construct the
tangent through

a fifth point M.

;/////?’ ™~ N Involution on s.
- ‘ \\\\35\"’//’/”M is one double
’ S & point;find the

' other one N
which is the
pencil of
polar lines to

the point M.

p
\{n
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Projective Relations between Elementary Forms

One-dimensional elementary . e
forms : e T

Range of points

Flat Pencil
(pencil of lines)

Axial Pencil
(pencil of planes)

With these one-dimensional elementary forms

five forms of the second order ean be produced

by projective relation: 1. 4 .‘\ 2,
l1.Range of the second order ' J -J//)<\
2.Pencil of the second order ‘

3.Cone of lines (of the second 3.;
order)

4. Pencil of planes of the
second order -
all the planes go through
one point {(cone of planes)

5.Regulus surface v
(produced by three skew lines
or two projective skew ranges).

ig.2.Two projective ranges give a
pencil of lines of 2nd order,.

-€-1.Two projective flat pencils
in the same plane give a
range of 2nd order,

Definitions of harmonious elements
in forms of the second order-
4 narm. points of a range of 2nd order are projected
by 4 harm. rays from a 5th ‘point of the curve.

4 harm. rays of a pencil of 2nd order intersect a
fifth ray in 4 harm. points. -

Cone of lines: from a fifth ray connect to the other rays

to form 4 harm. planes, .
Cone of planes: a fifth plane is intersected in 4 harm. lines.

L harm. rays in a regulus are intersected by every
guideline in 4 harm. points and form with the gufdelfne
4 harm. planes.

A\®

.



R

Two elementary forms are projective if 4 harm. elements
of the one form correspond to 4 harm. elements of thse
other form (definition by von Staudt 1847).

Two one-dimensional forms of different kind are perspective
if every element of one form is part of the corresponding
element of the other form.

/ .

Range perspective/fgji

cone of lines:

Range perspective
to a pencil

Pencil of 2nd order
perspj7tive toc a range

/7¥“ Two ranges of 2nd order . A
i projective ( two perspectixa
ranges between them

o\(,

Three corresponding pairs
"of .elements produce
: projectivity.v

;

and>perspective I.f touching in S,
to the pencil in S. this is a self-
corresponding point.

Polar
opposites.




i\
1\

3

Two projectiVe ranges

Two projecti
of 2nd order <

pencils
of 2nd order

b

In the following projective relations,
are g{\maximum three common elements.

If with two'projective curves of 2nd ordér,
four common elements exist, then all corresponding
elements are in common . The curves are identical.

»




= A
/

PROJECTIVE CONSTRUCPR® of CURVES of the THIRD CLASS
: ".  and CURVES of the THIRD ORDER
< |
1 4 \
4
/ éf ‘ Produces 3rd class
S N / 4 curve.
s k N (see following pages),
| T-b-M-a- N, b ~.
/JF\ \'.' ‘ . : a,
o . N
Pemcil in S\ia projective to range on conic\ S
| without being perspec ive to that ramge.

At least ‘one ray and jJat/ most three rays of
pencil S go through $he¢ir corresponding
points on confc & behildes the ray to point T.

S ' This establishes a

' projectivity betyee
a range of the fiys
order (a) and a range \
‘of the second order!

().

Pencil S is projective
to pencil T. o

i -
4$_ The order of a curve "is the
P maximum number of intersections with a line.

The class of a curve is the
maximum number of tangents from a point.




A range of the first ordfgy
projective with a
range of the second ordef;;ﬁ

They produce in general

a curve of the third class.

A point on the conic; ——%r—"g
an auxiliary line s >
and a pencil T produce

the projectivity. Ao
_—

\ !
.

If the line a crosses the
conic ( outside the line-
wise conic) a will be a e
double tangent to the - C;Eaz
resulting curve, a pemncil -
- of the third order. .

_ S\~
A pencil of the first org- U LY
&

projective with a L

pencil of the second

order(B) | 4&«1&“*\°
They produce in = .
general a curve

of the third order,

A tangent on the conic,
an auxiliary point §
and a range t produce
the projectivity.

If the two projective
ranges have a point E in
common (2 corresponding
points identical
the pemcil of the 'third order !
degenerates to a pencil -k
imn E and a linewise conic // ;
pencil of the second order) ..—"
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